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Abstract. In time series macroeconometric models, the ﬁrst difference in the logarithm of a6
variable is routinely used to represent the rate of change of that variable. It is often over-7
looked that the assumed approximation is accurate only if the rates of change are small.8
Models of hyper-inﬂation are a case in point, since in these models, by deﬁnition, changes9
in price are large. In this letter, Cagan’s model is applied to Hungarian hyper-inﬂation data.10
It is then demonstrated that use of the approximation in the formation of the price inﬂation11
variable is causing an upward bias in the model’s key parameter, and therefore an exagger-12
ation of the effect postulated by Cagan.13
Key words: hyperinﬂation, model speciﬁcation, difference in logarithms.14
1. Introduction15
Models of hyper-inﬂation are considered very useful by macroeconomists16
because during periods of very high inﬂation, the effects of expected inﬂa-17
tion on key variables such as money demand tend to drown out all other18
inﬂuences, allowing the econometrician to focus exclusively on the effect of19
inﬂationary expectations, thereby estimating this effect with maximal preci-20
sion (see, for example, Sargent and Wallace, 1973).21
When the rate of price inﬂation appears as a variable in a macroecono-22
metric model, the variable routinely used to represent it in estimation is:23
pt = ln(Pt )= ln(Pt )− ln(Pt−1) , (1)24
that is, the ﬁrst difference in the natural logarithm of the price level Pt .25
This routine is usually adopted in models of hyper-inﬂation (e.g. Sargent26
and Wallace, 1973; Salemi, 1979; Taylor, 1991). In this letter, it is argued27
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2 PETER G. MOFFATT AND EVENS SALIES
that to measure inﬂation in this way is illogical, since it is only a valid mea-28
sure when it takes values close to zero, and in hyper-inﬂations, by deﬁnition,29
changes in price are high.30
2. Measuring Inﬂation31
Let it be the actual rate of inﬂation in period t , that is:32
it = Pt −Pt−1
Pt−1
. (2)
33
pt deﬁned in (1) provides an accurate approximation to it when it takes34
values close to zero, because:35
pt = ln
(
Pt
Pt−1
)
= ln(1+ it )= it − i
2
t
2
+O (i3t ) . (3)36
It is also obvious from (3) that whenever it is not close to zero, the approx-37
imation will not be accurate, and we would normally expect it to be biased38
downwards. As it approaches unity, the approximation breaks down com-39
pletely. The use of pt in this situation may be loosely perceived as a case40
of measurement error.41
The obvious solution to these problems is to use it itself as the inﬂation42
variable.43
3. Models of Hyper-inﬂation44
Cagan’s (1956) theory of hyper-inﬂation postulates that the demand for real45
cash balances (M/P ) is inversely related to the expected rate of inﬂation46
(McCallum, 1989: 136). We use the natural logarithm of real cash balances47
as the dependent variable. This is:48
log
(
Mt
Pt
)
= log(Mt)− log(Pt )=mt −pt ≡ (m−p)t . (4)49
Cagan’s model is therefore:50
(m−p)t =α+β(Et it+1)+ut . (5)51
Notice that the log of real money balances in the current month is assumed52
to depend on the expectation, formed in the current month, of the inﬂation53
rate in the following month.54
According to Cagan’s theory, β <0 in (5).55
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MODELLING OF HYPERINFLATIONS 3
3.1. adaptive expectations (AE)56
If expectations are formed adaptively, then:57
Et (it+1)=Et−1 (it )+γ [it −Et−1 (it )] (6)58
Combining (5) and (6), we construct the estimable model:59
(m−p)t =αγ +βγ it + (1−γ ) (m−p)t−1 +vt (7)60
(7) may be estimated by OLS, and the three parameters deduced from the61
OLS estimates. Standard errors may be obtained using the delta method.62
3.2. rational expectations (RE)63
The reasons usually cited for the a priori rejection of the Adaptive Expec-64
tations model in favour of Rational Expectations (e.g. Attﬁeld et al.,65
1991: Ch. 1) are especially relevant to the modelling of hyper-inﬂations (see66
Salemi, 1979). This is because, during hyper-inﬂations, agents are likely to67
show greater interest in inﬂation, and to increase their efforts in the for-68
mation of expectations thereof. Also, the penalties from the persistent fore-69
casting errors necessarily made under Adaptive Expectations are likely to70
be more severe during hyper-inﬂations.71
For these reasons, we turn our attention to the assumption of rational72
expectations. That is, we assume that actual inﬂation is expected inﬂation73
plus a random, mean zero, unserially correlated “forecast error”:74
it+1 =Etit+1 + εt+1 (8)75
Combining (8) with (5), we then obtain:76
(m−p)t =α+β (it+1 − εt+1)+ut . (9)77
Due to the presence of the forecast error term, −εt+1, in (9), least squares78
regression of the dependent variable on it+1 would yield inconsistent esti-79
mates of the model’s parameters. Instrumental variables (IV) estimation can80
be used to obtain consistent estimates, with (m−p)t−1 and it being suitable81
candidates for instruments.82
4. Empirical Example83
The dependent variable in Cagan’s model is the logarithm of real cash84
balances, deﬁned as notes in circulation plus demand deposits, divided by85
the price index. Both this variable, and the inﬂation rate, for Hungary,86
are available on a monthly basis between July 1921 and March 1925. One87
source of this data set is Maddala (1988: table 10.1).88
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Figure 1 shows the time paths of the two measures of monthly inﬂa-89
tion, it and pt . This graph conﬁrms (cf. (3)) that the latter is a serious90
under-representation of the former at times of high inﬂation. Figure 2 shows91
the log of real cash balances (m−p)t . Some evidence in favour of Cagan’s92
hypothesis is seen in a comparison of Figures 1 and 2, because the peaks in93
the former appear to correspond closely to the troughs in the latter.94
Both the Adaptive Expectations model (7) and the Rational Expecta-95
tions model (9) are estimated using the Hungarian data just described.96
Each model is estimated twice, once using the log-difference of price, and97
once using actual inﬂation. Results are presented in Table I.98
Note that the estimate of β is negative and signiﬁcant in every case,99
providing strong support for Cagan’s hypothesis. However, note that under100
both AE and RE, the estimate of β is smaller in magnitude when it is101
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Figure 1. The two measures of monthly Inﬂation over time (Hungary: July
1921–March 1925), —,Log-difference; ---,Actual rate.
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Figure 2. Log of real money balances (Hungary: July 1921–March 1925).
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MODELLING OF HYPERINFLATIONS 5
Table I. Results of models (7) and (9) for Hungarian data (monthly, July 1921–
March 1925), using two different measures of inﬂation
AE (with pt ) AE (with it ) RE (with pt ) RE (with it )
α 0.22(0.11) 0.21(0.10) 1.12(0.15) 1.11(0.15)
β −4.62(0.63) −3.42(0.46) −2.91(0.85) −2.41(0.71)
γ 0.17(0.02) 0.17(0.02)
Sample size 42 42 42 42
Standard errors in parentheses. Standard errors for each parameter in the adap-
tive expectations model are obtained using the delta method. Instruments used in
the RE models are lagged real money balances and current inﬂation.
used in place of pt . This implies, as expected, that the use of the latter is102
exaggerating the negative relationship between expected inﬂation and real103
money balances.104
Further note that β is estimated with greater precision when it is used.105
A consequence of this is that statistical evidence in favour of Cagan’s the-106
ory is still strong (in one case stronger), despite the smaller coefﬁcients.107
5. Conclusion108
The main point made in this letter is that the convention of taking the109
ﬁrst difference of the logarithm to represent a rate of change should not be110
adopted automatically; it should ﬁrst be checked that the rates of change111
appearing in the data are sufﬁciently small for the approximation to be112
accurate. It has been demonstrated that use of the approximation in the113
estimation of a hyper-inﬂation model leads to an exaggeration of the key114
parameter. In the illustration, we actually found strong support for Cagan’s115
hypothesis whichever measure of inﬂation has been used, so it may appear116
that the choice between the two measures is unimportant. However, it is117
likely that other studies exist for which erroneous use of the approxima-118
tion has led to misleading conclusions. In any case, the focus of the letter119
is on the logical rather than empirical problems associated with using the120
approximation.121
When the ﬁrst difference in the logarithm is used, the econometric prob-122
lem which results may be seen as a manifestation of measurement error,123
although, as made clear by (3) the sign of the measurement error will usu-124
ally be negative, with value highly correlated with the actual inﬂation. This125
means that, if this problem were to be analysed in a measurement error126
context, the distributional assumptions usually made in such a framework127
would need to be relaxed somewhat.128
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The data used for illustrative purposes in this letter is from Hungary129
in the early 1920s. This is just one of many hyper-inﬂations that occurred130
during the 20th Century and have been subjected to empirical analysis.131
A comprehensive collation of these hyper-inﬂations has been provided by132
Blanchard (2003: table 23-1). Perhaps the most famous was the German133
hyper-inﬂation of 1921–1924. A feature of that data set is that for part of134
the sample inﬂation reached astronomically high values: prices rose by a135
factor of 295 in Germany in the month of October 1923. A consequence of136
this is that the German inﬂation data has a strong positive skew. In this sit-137
uation it is very tempting to use the ﬁrst difference of the logarithm as an138
approximation, since this brings extreme values down to a reasonable size.139
However, (3) should remind us that this is exactly the situation in which140
the approximation is most misleading, and should be avoided.141
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